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A polycrystalline material was simulated by assuming a random distribution of small
crystalites. The effect of a small applied magnetic field on the NQR lineshape was calculated for
half integral spin nuclei (/= 3/2, 5/2, 7/2 and 9/2) using a theory based on Toyama’s work [11].
The line shapes indicate qualitatively the half width ratios of the upper and lower resonances
(e.g. 4v,/4v, for I=15/2) and thus enables one to see generally whether the broadening
mechanism is mainly due to magnetic or electric effects.

1. General Considerations

Conventionally, the Zeeman effect in NQR has
been studied by the variations in the splittings of
the resonance of a spin 3/2 system as the orientation
of a single crystal was varied in the applied field
[1,2,3]. Morino and Toyama [4] were the first to
show that a distinct effect was also observable in
polycrystalline samples. Brooker and Creel [5] and
Darville, Gerard and Calende [6] have independent-
ly given a full analysis of the problem where the
applied magnetic field and the r.f. field were
parallel. This has since been extended to other
orientations and nuclei [7, 8].

In most polycrystalline samples studied by us so
far with multilevel spin systems containing halogen
nuclei (e.g. '”7), it has been shown that even for the
best and most perfect crystalline samples, electrical
broadening effects dominated [9, 10]. As shown in a
previous paper [10] with p-diiodobenzene, electrical
broadening gives the ratio of 2.0 for the ratio of half
widths of the upper and lower '*'I lines. It can be
qualitatively shown from the calculated line shapes
in this paper that the half width NQR line ratio due
to magnetic interaction is significantly less than 1.0.
In order to observe such magnetic broadening
effects almost perfect crystals of p-diiodobenzene
had to be obtained but since the compound has a
tendency to decompose in heat and light it was not
possible to obtain the desired conditions.
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Hence, it is proposed to present in the first
instance the theoretical prediction of line shapes. To
a large extent the theoretical treatment is based on
solutions of equations developed by Toyama [11].

2. The Zeeman Perturbation for Half Integral Spin

When a static magnetic field is applied to a
nuclear quadrupolar system, the energy levels are
determined by solving the secular eqation for the
entire perturbed nuclear quadrupolar Hamiltonian
7, where

#=Hq+ Hp,. (1)

Here Hg, is the pure (unperturbed) nuclear quadru-
polar Hamiltonian and H,, is that describing the
magnetic interaction and is given by

H,=-yIH, (2)

where 7 is the magnetogyric ratio and 7 H is the
scalar product of the nuclear spin and applied
magnetic field vectors. In the NQR case, the
Zeeman effect is studied with external fields of the
order of 100 gauss [1]. The nuclear magnetic dipole-
dipole fields are about 1 or 2 gauss and therefore
the following perturbation treatment is a valid
approximation.

The eigenvalues of the nuclear quadrupolar
Hamiltonian for half integral spins with finite asym-
metry parameter are given by

imQ>=Za¢m,m m’y. 3)

The symbol Q used in the above states is taken to
mean that they are zero order pure nuclear quadru-
polar states. Equation (3) can be seen as two distinct
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sets in the following:

m Q> =iy i 1/2> +a, 30 |— 3/2>

+(1m‘5/2 5/2>+. (41)
—mQ)=a_p 12| —1/2) + a_p 3213/2)
T a_pm—5n —5/2>+ 4.2)

with m=1/2,5/2,9/2,

MmQO)=apm 12| —=1/2) + ap 3 3/2)

+a,,,__5/2 —5/2>+..., (51)

and

—mQ)=a_pin | 1/2)+a_pm 30— 3/2)
+a_p,sn|5/2)+ ...

for m=3/2,7/2,11/2.

(5.2)

From symmetry consideration it is evident that

A 1/2=A-m,—172 and ap, _3/2=a_,, 32 and so on. (6)
The Zeeman Hamiltonian Hy is given by (7)
Hy=—yHI[I sinfcos g+ I,sin @ sing + I.cos 0].

where H is the magnitude of the applied magnetic
field and 6 and ¢ are the polar coordinates of H in
the nuclear quadrupolar principal axis system. By
defining the transition moments (matrix elements of
the components of nuclear spins) as

<1mQ i.\' imQ>=1.\'.m.m-,
1

(8.1)

FmQli, tmQ) =% —1lymm. (8.2)

EmQ|LIEmQ) =% L pmm (8.3)
and

Em+D)Q L EmO)=Lipmer. (8.4)

<i (m+1)0Q fl' tmQy= i_%]\mm-%l(gs)

Fm+1)Q LmQy=%Lpm1  (86)

and using the notation of Toyama [11], the matrix

elements of the Zeeman Hamiltonian Hy; between

each pair of degenerate states may be expressed as
{(EmQ Hy £mQy=2yHcos 01, m

and =t My m 9)

(EtmQ H, FmQ)
=—yH [l mmsinbcospxil,, ,sinfsin g]

=Npm- (10)

From these definitions, a typical submatrix of the
total Hamiltonian 2 for a pair of degenerate states
may be constructed thus:

\ mQ -mQ
"7Q EQ+Mm.m Nr’:m
_mQ | Nm.m EQ_’ Mm,m~

where Eq is the energy of the unperturbed state.
The roots of the corresponding secular equations for
this matrix give the first order energy levels as
given by

Em = EQ = [Mrim+ ]Vm.m]\/;ft.m]]/2
= Eq % y H[I? . msin® 0 cos? o (11)
+ 1%, msin? @sin? g+ 1., , cos? 0]'72.

The energy shift of the split levels is therefore
expressed as

En=%yH[I, ,sin’0cos? ¢ (12)
+ 1%, msin? O sin® o + 12, ,, cos? 0]"2.
Figure 1 shows the splittings and the possible tran-
sitions for which 4m = 1.
In Fig. 1 mM) denotes the perturbed eigenstate

corresponding to m Q). The frequencies of the
inner pair of transitions are given by

AEm—AEm+1)
h ’

+

v=yq £ (13.1)

and the outer transitions occur at

AE,, + AE,,
v=vo % (—h—*') (13.2)

where (14)

AdE,=En—E+p, and AdEy 1 =Ep+1— Ei(m+l) .

The dependence of the Zeeman splitting on the
orientation of the applied field is given by (12). The
dependence on the asymmetry parameter is due to
the condition that transition moments are functions
of the coefficients of the quadrupolar eigenfunctions
in the states = m Q). These in turn are functions
of #n. When =0, the mixing of the quadrupolar
eigenfunctions with 4m = 2 disappears. In this case,
the £ m degeneracy of the pure nuclear quadru-
polar levels is only removed by the magnetic field
for the £ 1/2 states. Since only these states are
connected by 4m = 1. Thus only the line corre-
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sponding to a + 1/2 — * 3/2 transition will be split
into four components. For higher transitions, the
outer pair of lines will not be observed.

This feature of the splitting is best examined by a
consideration of the intensities of the Zeeman com-
ponents. These intensities may be calculated using
the formulae developed by Toyama [11]. The
following analysis is from his paper.

The eigenstates of 2# to the zeroth order of # are
given by

mMy=a, mQ)+b, —mQ) (15)

and

—-mMy=—=>b%mQ)+ak|-mQ), (16)

where the coefficients a,, and b,,, the eigenvalues of
H, are defined by

I, H
x,mm .\’= mb;‘;"" ;.;'bm, 17
~E a a (17)
lymmBx_ e g (17.2)
Em mY“m m“m>» =
Leimm H: _ x—b, bk 17.3
Em - am am mYm ( 2 )
and the normalization condition
apat+b,bx=1. (17.4)

H,, H, and H. are the magnitudes of the cartesian
components of the applied magnetic field H.

The resultant transition between two eigenstates
E’ and E” is allowed for by including the Hamil-
tonian for the r.f. field. This is denoted by Hgg,
where

HRF=—})IAI‘2R00527TVI, (18)
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Fig. 1. Zeeman energy levels and transitions.

where v is the frequency of the r.f. field Hyg. This
expression, together with the expression for the
eigenfunction of the Zeeman components is now
used to calculate the intensities of the splittings. The
well-known formula for the transition probability
between the two states £’ and E” is given by

W=h?2T>E E")g®)). (19)

where g (v) is the spectral distribution function and
T?>(E’, E”) is the square transition moment. This
may be expressed in terms of the r.f. field com-
ponent in the following manner:

Tz(E,, EU) - ./"2 ‘<E"1 iﬁR‘E/>12
=7Y H,H,;J;E, E").

iL,j=x,y,2

(20)

The intensity parameters J;; (E’, E”) are written as
Jy(E' E") =} [CE” | 1| E"Y CE'| ;| E7)
+(E"| L EYCE| LI E”)|.

In the following formulae, the positive sign
denotes the inner pair and the negative sign outer
pair. of the Zeeman splittings. Each component of
the pair has an equal intensity, and so for the
Am =1 transition one need only claculate the follow-
ing:

(21)

Jij(+)=J;;(mM, (m + 1) M) (22.1)
and
Jij(=)=Ji(mM,— (m+ 1) M). (22.2)
These are obtained from the eigenvector of H and
the various transition moments defined above.
Toyama [11] gives the general solution for both
Am odd and 4m even transitions. Only those appro-

priate to the 4m — 1 case are now quoted.
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In the following equations m” =
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m’+ 1, and the symbol Fis given by

= 1/[(E,) (E})]: (23)
Jox (X)) =3Bt (1 £ Fgtome Lo, mee HE + Lyt e Ly, e HE + L g ot L e e HD), (24.1)
Jo(@E) =3 N £ F (=Lt Lo HE = Ly Ly HE Lt Lo e, e H2)], (24.2)
Joo (X)) =32 N F(~ Lt Lo H2+ Ly Ly HE = Lt Lzt H})], (24.3)
L () =3 Lyt o Lot T= Lyt e T it = Lzt it Ky, ] F Hiy 8, (24.9)
Fee ) =5 Lo, me Lo, o We vt i Lo o — L mit Lo, 8] F Bl B e (24.5)
Jo @) =3Lim.m Lymow (= Lemeomt Lymoo + Ly L) F H H (24.6)

According to Toyama [11], the expression ;.
denotes the parameters describing the dependence
of the transition upon the i-compound of the r.f.
field and /; . » as the parameter describing the
dependence on the orientation of the applied field.

3. The Zeeman Line Shapes in Polycrystalline
Materials

The Zeeman N.Q.R. lineshapes in polycrystalline
materials for the half integral spins have been cal-
culated using a computer program based on the
above equations. The major steps in this program
were the following:

(1) The matrix of the nuclear quadrupole Hamil-
tonian for a given spin was used as raw data. The
eigenvalues and eigenvectors of the matrix were ob-
tained. The coefficients of the quadrupole wave
functions | m Q) were equated to the elements of the
normalized eigenvectors.

(1) The transition moments required for evalua-
tion of the intensity parameters were determined.

(111) A polycrystalline material was simulated by
assuming a random distribution of crystallites. Since
the frequencies depend on the square of the field
components, only angles in the first quadrant need
be considered. 100 steps in the polar angles # and ¢
were used.

(iv) For each possible orientation, the frequency
splittings for both the inner and outer pair of lines
were calculated. Since the spectrum is symmetric
about vq. only one half of it need be considered. In
this case, positive values of E,, were used.

(v) The spectrum was calculated with units of v

where vo=vy/2m. (25)

The Larmor frequency, vy was then divided into
30 intervals.

(vi) The transition probability, W, was calculated
for a given orientation of the r.f. field in the prin-
cipal axis system. Experimentally, A was assumed
to be parallel to Hgfr and so the values of 6 and ¢
from above were used.

(vi1) A frequency histogram was now built up by
placing a number equal to W in the appropriate
frequency interval. Some of the resulting frequency
distribution for = 0.0, 0.5 and 1.0 are displayed in
Figure 2. Half of the spectrum only is displayed
because this is sufficient to reveal the features of
the lineshape.

Several features of the lineshapes in Figure 2 are
worthy of comment. Firstly, it was noticed that as
spin increases so does the width of the distribution.
This effect would appear to be related to the in-
crease in second moments by Biryukov and Berson
[12] when =0, only the v; (£ 1/2 — % 3/2) transi-
tion is significantly broadened and possesses distinc-
tive features. The higher transitions are uniformly
broadened to a maximum vy, the Larmor frequency.
This behaviour is expected since as previously men-
tioned at #=0 only the v line is split into four
whereas the outer pair disappears for the higher
transitions. There are other differences between the
behaviour of the various transitions. For example,
for spin 9/2 the transition becomes relatively fea-
tureless for = 1.0. Experiments to measure # for
polycrystalline samples would be best performed on
the v, transitions or higher.

Brooker and Creel [5] have shown that for /= 3/2
the features or peaks in the line-shape occur at the
following critical points H//x, H//y and H//z,
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where x, y, z refer to the 1, 2, 3 axes of the principal
axes system. The intensity of these peaks increases
with increasing # for the higher transition as greater
mixing with lower states takes place. As #x ap-
proaches one, the features for the v, transition
appear to collapse toward v.

In a previous paper [10] it has been shown that
for the / = 5/2 system the line width ratio Av,/4v; is

[1] T. P. Das and E. L. Hahn, Nuclear Quadrupole Reso-
nance Spectroscopy, Sol. State Physics, Supplement 1
Academic Press, New York 1958.

[2] C. Dean and R. V. Pound, J. Chem. Phys. 20, 195
(1952).

[3] C. Dean, Phys. Rev. 96, 1053 (1954).

[4] Y. Morino and M. Toyama, J. Chem. Phys. 35, 1289
(1961).

[5] H. R. Brooker and R. B. Creel, J. Chem. Phys. 61,
3658 (1974).

[6] J. Darville, A. Gerard, and M. T. Calende, J. Mag.
Res. 16, 205 (1974).

ideally 2.0 for =0 when only electrical broadening
effects were considered. Reference to Fig. 2 clearly
shows that qualitatively Av,/4v; is approximately
0.5 for n=0 (I =5/2) in the case of pure magnetic
broadening. This suggests that Fig. 2 could be quali-
tatively used as a criterion for determining whether
the bonding mechanism is mainly due to electric or
magnetic effects.

[7] R. B. Creel, E. D. van Meerwall, and H. R. Brooker,
J. Mag. Res. 20, 328 (1975).
[8] S. Pissanetsky, J. Mag. Res. 34,515 (1979).
[9] P. J. Bryant and S. Hacobian, J. Mol. Struct. 83, 311
(1982).
[10] P. J. Bryant and S. Hacobian, J. Mol. Struct. 111, 201
(1983).
[11] M. Toyama, J. Phys. Soc. Japan 14, 1727 (1959).
[12] 1. Biryukov and I Berson, Fiz. Tverd. Tela. 5, 499
(1963).



